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Atomic versus Ionized States in Many-Particle
Systems and the Spectra of Reduced
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We study the spectrum of appropriate reduced density matrices for a model
consisting of one quantum particle (“electron”) in a classical fluid (of “protons”)
at thermal equilibrium. The quantum and classical particles interact by a short-
range, attractive potential such that the quantum particle can form “atomic”
bound states with a single classical particle. We consider two models for the
classical component: an ideal gas and the “cell model of a fluid.” We find that
when the system is at low density the spectrum of the “electron—proton” pair
density matrix has, in addition to a continuous part, a discrete part that is
associated with “atomic” bound states. In the high-density limit the discrete
eigenvalues disappear in the case of the cell model, indicating the existence of
pressure ionization or a Mott effect according to a general criterion for charac-
terizing bound and ionized electron-proton pairs in a plasma proposed recently
by M. Girardeau. For the ideal gas model, on the other hand, eigenvalues

remain even at high density.

KEY WORDS: Bound and ionized states; Mott effect; pressure ionization;
reduced density matrix; discrete and continuous spectra; functional integrals;

Birman—Schwinger principle.

1. INTRODUCTION

It is generally agreed that an appropriate fundamental description of bulk
macroscopic matter in equilibrium is via the Gibbs density matrix
p ~exp(—pH), with H the Coulomb Hamiltonian of nuclei and electrons
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(we are excluding here domains of densities, temperatures, and sizes where
nuclear, relativistic, and gravitational effects are important). In most situa-
tions this description is replaced by a much simpler one using an effective
Hamiltonian H.; where many of the degrees of freedom have been frozen
out. For example, to obtain the properties of helium or nitrogen at
moderate temperatures and pressures it certainly suffices, for all practical
purposes, to consider the atoms or molecules as the basic units with an
effective two- or three-body interaction between them. Similarly, for the
analysis of sodium at 10° K we would use an atomic Hamiltonian at low
densities and a “plasma Hamiltonian” corresponding to Na * ions and elec-
trons (with no neutral atoms) at high densities where the system forms a
liquid metal. For intermediate densities the effective description would
involve the “degree of ionization” of the system.

While it is often clear intuitively how to go about finding an
approximate H., there are important situations where this is not so. In
fact, it is not even clear, in a general system, what one means by degree of
ionization. An important theoretical and practical nroblem is therefore to
find methods for obtaining the effective description from the basic
Hamiltonian in a clear and systematic way. This has been achieved so far
only for special limits of zero pressure and zero temperature,>* where the
approximate formula for the degree of ionization at low pressures given by
the Saha formalism’ has been given a rigorous foundation. The result
(established modulo some reasonable assumptions) in the simplest case of
the clectron—proton system is as follows: if one fixes the chemical potential
= 3(u, + u,) below the ground-state energy of a hydrogen atom E,, then
in the limit §— oo the system consists of free electrons and protons (see
also ref. 5 for a related result). On the other hand, when the chemical
potential is fixed slightly above E,,, the system will consist of independent
hydrogen atoms when f#— co. One can obtain “ionization equilibrium
phases” which consist of mixtures of free ¢lectrons, protons, and hydrogen
atoms by letting the chemical potential (versus temperature) tend to E,, as
B — oo. The degree of ionization then varies smoothly with the slope of the
chemical potential at E,,, and coincides with the usual Saha formula.®
The techniques of refs. 2 and 3 generalize this picture to arbitrary mixtures
of electrons and nuclei and also include molecules.

In the above limits both the particle density and the temperature go
to zero. One therefore has to go beyond this formalism to gain an under-
standing of the degree of ionization in systems with finite density. This is
necessary to describe the transition, continuous or abrupt, such as must
occur in the sodium system mentioned earlier at pressures intermediate
between the neutral gas and liquid metal regime. This “pressure-induced
ionization” occurs when the density increases and the Debye radius of the
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plasma becomes of the order of the Bohr radius. In such a situation the
electronic levels of the ions and atoms merge in the continuum and the
chemical species become unstable (Mott effect).) This affects the equation
of state, the transport properties, and the spectral lines of the system. These
changes may be gradual or there may be a plasma ionization phase
transition with the coexistence of two phases with different densities and
degrees of ionization.!”

A fundamental conceptual difficulty in dealing with these problems is
the lack of an a priori distinction between “free or ionized” and “bound
or atomic” states in the many-body quantum formalism. It would be
extremely useful for a quantitative theory of pressure ionization to be able
to characterize the degree of ionization, at least in a partial way, in terms
of equilibrium quantities.

Recently Girardeau®® made an interesting proposal for identifying
“ionized” and “atomic” states in terms of the eigenvalues and eigenfunc-
tions of an appropriate reduced equilibrium density matrix of the system.
This scheme, which is related to Yang’s description of bound pairs in
superconductivity, considers the pair reduced density matrix p,(x, X|y, Y),
where x,y and X, Y denote the electron and proton coordinates, respec-
tively. One can express it as a function of the relative x,,=x—X,
V.i=Y—Y and center-of-mass coordinates r={(mx+ MX)/(m+ M),
s=(my+ MY)/(m+ M), where m is the electron mass and M is the
proton mass. In the thermodynamic limit the resulting function will, for
translation-invariant phases, depend on X., ¥,4, and r—s. We set
(%, X1y, Y)=p,(X.5 Viet, ¥ — ) and define, for a given wave number g,

pq(xreh Yrel)zfdr eiq.rEZ(xrel, yrela l‘) (11)

This object is like a one-particle reduced density matrix describing the
relative degree of freedom of an electron-proton pair with wavenumber g
for its center of mass. For a given q one considers the spectrum of this
density matrix. Girardeau’s proposal is to associate the discrete part with
“bound states” and the continuum with “ionized states.” In particular, the
discrete eigenvalues 4,(q) are interpreted as occupation numbers of electron
“bound states” and their sum is assumed equal to the number of bound
electrons. Ionization is then associated with the decrease of this number
caused in part by the disappearance of eigenvalues A,(q) which merge into
the continuous part of the spectrum, as the density of the system increases.
This definition is in agreement with the results of ref. 9 in the limits con-
sidered there.

In order to see whether Girardeau’s ideas are valid in other cases, we
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study in this paper the spectral properties of such pair density matrices for
very simplified models. In particular, we consider the ratio m/M — 0. In
this limit we have r~X, s~ Y and the center of mass becomes a classical
variable, whereas the relative degree of freedom remains quantum mechani-
cal. Consequently, the center-of-mass momentum will, in this limit, be
distributed according to a Maxwellian and

pq(xrela Yrel) ~e ~/3[h2 'qIZ//z(M-*—M)]ﬁZ(Xrels yrel’ 0) (12)

Our problem is thus reduced to the study of the spectrum of the integral
operator with kernel p (X e1, Yrer» 0) = p2(X, ¥y, 1).

Our models consist of one quantum particle (the g-particle or
“electron”) in thermal equilibrium with a system of classical particles (the
c-particles or “protons”). We assume that there is an attractive short-range
force between the g-particles and the c-particles so that an isolated pair can
bind to form “atomic states.” While the presence of only one g-particle is
not realistic, it greatly simplifies the analysis and we are able to investigate
low-density as well as high-density regimes of the classical fluid. In fact one
can formally obtain our models by starting from a more realistic situation
with a finite density of g-particles and c-particles and letting the density of
the g-particles tend to zero. The reduced density matrices of our models
then correspond to the first-order term of an expansion with respect to the
g-particle density.

When the density of the c-particles is also small we expect that

pa(X, x|y, r) ~ (xjexp(—BHLr])[y) (1.3)

where H[rx] = H,+ V is the Hamiltonian of the g-particle in the potential V'
of a single c-particle at position r. In this limit the spectrum will consist of
a continuous part plus some eigenvalues closely related to the exponentials
of the bound-state energies of an isolated atom. The same behavior is
expected at high temperature. This argument is not sensitive to the par-
ticular model of the classical fluid and indeed the results will be similar for
the two models that will be considered. At high c-particle density, however,
(1.3) does not hold and the situation can be very different. Let us write the
pair density matrix as

|:p2(X, r | ya l')
P

pr(%,Tly, 1) = ppr(x, ¥) & p o, y)] (1.4)

where p is the density of the classical fluid. In (1.4), p,(x, y) is the reduced
density matrix of the g-particle. For x=y, p,(x, x) is the probability
density to find a g-particle at x, while p,(x,r|x, r)/p is the conditional
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probability density to find the g-particle at x when one c-particle is fixed
at position r. Thus, for x =y the term in the bracket can be interpreted as
the excess electron density at x when a c-particle is fixed at r.

In view of (1.4) we will consider the perturbation problem for the pair
of operators (pp,, p,) defined, respectively, by the kernels pp(x,y) and
p,(x, 1|y, r), r fixed, in close analogy with the usual Schrodinger problem
for a pair of Hamiltonians (H,, Hy+ V).

In a homogeneous system, we will have p,(x,y)=p,;(x—Yy, 0), so p,
acts as a convolution operator, or equivalently, as the multiplication in
Fourier space by the Fourier transform p,(k) of p,(x, 0). Therefore p, will
have an absolutely continuous spectrum, whose spectral density is the
kinetic energy distribution of the g-particle in the fluid. In fact, in a very
dilute gas, or when the interaction is very small, ,(k) is close to the
Maxwellian (2rf#%/m) =2 exp(— B(#°k?/2m)). Thus, p, plays the role of
the kinetic term, as does H, in the Schrodinger problem. The second term
in (1.4) is the kernel of the truncated reduced density matrix p,=p, — pp,.
We observe that it vanishes if there is no interaction between the g-particle
and the c-particles, and should tend to zero rapidly as |x —r| — oo and
ly —r| - oo, when the interaction is sufficiently short-ranged (clustering
property). So p, plays the role of a localized perturbation of p,, as does
the potential in the Schrédinger equation. It turns out in the models under
consideration that p, is a trace class operator (that is actually a stronger
property than integrable clustering). Then by the basic theorems on pertur-
bations by trace class operators, p, and pp, have the same absolutely
continuous spectrum, so the knowledge of this part of the spectrum of p,
is reduced to that of p,.

The question is now to determine under what conditions the pertur-
bation p, creates eigenvalues in p,. This will in general depend on the
structure of the classical fluid.

We will consider two models for the system of c-particles: an ideal gas
and a “cell model of a fluid.”"* In the cell model one basically divides
space into a lattice of cells and allows each cell to be occupied by at most
one c-particle with some probability distribution. This mimics a short-
range repulsion between the particles and the variance of the number of
particles in a given region tends to zero as the density increases. This is in
contrast to the situation for the ideal gas, where this variance is propor-
tional to the density and the particle configurations are Poissonian, which
corresponds on a microscopic scale to large variations in the potential seen
by the electron. For this reason, the q-particle excess density takes
appreciable values, and clusters of c-particles may always bind with the
g-particle; hence discrete eigenvalues of p, should persist at high density in
the ideal gas model. In the cell model, the particle configurations become
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uniform at high density, and the g-particle will therefore see an essentially
constant potential. Hence the excess particle density is small as p becomes
large and only weakly perturbs p, in (1.4), leading to a disappearance of
the eigenvalues of p, at high density. We note that the lattice model of the
classical fluid where c-particles are forced to sit at fixed lattice sites is in
many ways similar to the cell model and we expect it to have similar
behavior. Its lack of translational invariance (which cannot be overcome by
a simple averaging) makes it, however, more difficult to analyze rigorously.
We comment on the lattice model at various points throughout the paper.

The main purpose of this paper is to establish the above-mentioned
properties of the two models. The mathematical methods are the same
as those used in the Schrddinger theory (perturbation of eigenvalues,
equivalence of spectra, bounds on the number of eigenvalues), but we
have in addition to control the spectral properties in terms of the thermo-
dynamic parameters p and f. It is worth noting that our results are for three-
dimensional space. The situation may be different in lower dimensions.

The disappearance of eigenvalues in the cell model can be viewed as
an elementary prototype of a Mott transition in a partially ionized gas.
Usually, a Mott transition is observed when some approximate two-body
effective Hamiltonian H4(p, B) loses its bound states as p varies.® Here,
since p, is positive, an effective two-body Hamiltonian could be defined by
p>=pexpl —BH.(p, B)]: the spectrum of p, is simply the exponential of
that of H.z(p, f). In this paper we do not attempt an approximate deriva-
tion of H.z(p, f), but rather study the spectral properties of p, without
further approximation.

We note that the qualitative discussion presented here in the
framework of simple models seems to be of general nature. The basic
scheme (1.4) for the study of p, as a perturbation of p, should also work
in a fully quantum mechanical many-body system. Clearly, the spectral
properties of p, are intimately linked to the nature of the particle fluctua-
tions: a Mott or a plasma ionization phase transition should correspond to
a drastic reduction of these fluctuations in the system.

We are of course aware that this approach to the problem of bound
states in a dense system is not the only one (see the discussion of this point
in ref. 11). In particular, the definition of an effective Hamiltonian from
purely static quantities such as the reduced density matrices may not be
adapted to the study of line broadening or transport properties. It has,
however, the virtue of leading to a well-posed spectral problem which can
be treated by the mathematical tools developed in connection with the
theory of Schrédinger operators.

We finally observe that for the specific models treated in this paper we
are concerned with the spectral properties of an annealed problem: the
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q-particle is in thermal equilibrium with the c-particle. These spectral
properties bear no evident relationship with those of the corresponding
quenched problem, where one studies the spectral properties of the
Hamiltonian of the g-particle for frozen configurations of c-particles. For
instance, in one dimension, it is known that the spectrum is discrete for
almost all configurations of c-particles,'*) whereas p; will still have a con-
tinuous spectrum. Also, the eigenfunctions belonging to the possible eigen-
values of p, have no obvious link to the localized states of random
Schrodinger operators (here an attractive potential is needed while
localization can occur independently of the sign of the potential). Clearly
a better understanding of the connections between these two types of
spectral problem would be of interest.

In Section 2, we first formulate the two models and then state the main
results of the paper. The general spectral properties of p, and p, are
established in Section 3. Section 4 is devoted to the low-density and high-
temperature regimes, while the high-density limit is studied in Section 5.
The appendices contain more technical material.

2. DESCRIPTION OF MODELS AND STATEMENT OF RESULTS

Given a configuration r,---r, in R® of classical particles, the
Hamiltonian of the quantum particle is

1

S v+ Z V(x—r,) (2.1)

i=1

H[r, 1, =

where 4, is the Laplacian (we set i=m=1) and the potential V(x)
satisfies V(x)=V(—x), V(x)<0, and is six times continuously differen-
tiable with

M

k -
[0y V(X)] < (1 + |x|5)7*

k=0,1,.,6 (2.2)
and 5> 6. It follows from (2.2) that the one-particle Hamiltonian H[r]
has at most a finite number of bound states, ¢, ¢,,.., #,, with energies
Ey<E; < -+ E,<0."9 We assume that this set is not empty.

For a bounded region 4 <R3 the reduced density matrix of the
quantum particle is defined by the kernel

ool

1 n
pl,/l(x’ y) == Z Z_J dr1 o f dr" Gn(rl o 'rn) e~ﬁHA[r1»~r,,](X’ Y) (23)
‘:An=0n! A A

where G,(r,---r,) describes the probability density of classical particles in
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A in the absence of the quantum particle and H ,[r,---r,] denotes the
Hamiltonian (2.1) with Dirichlet boundary conditions on d4. In (2.3), &,
is the partition function obtained by taking the trace of the numerator.
When one classical particle is fixed at position r, the reduced density matrix
of the pair of particles is

z (e 9] Zn
p2,a(% Y1) = EAEOELM...Ldrnc;m(r,rl...,n)
x g~ PHatunE(x, y) (24)

In the simplest case where the classical fluid is just an ideal gas the
function G, (r,---r,) is identically equal to one.

In the case of the cell model G, is constructed as follows. We consider
the lattice L= {ja|je Z>, a>0} and call 4 the unit cell, centered at the
origin, of volume |4| = a*. The characteristic function of 4 is y . To a con-
figuration r, ---r, of n classical particles we associate the weight function

1
Golrr) = [ & 3 H xd(r —ja=1)  (25)

4] V4 Qe #dn i=1

This weight function selects, for each 1, configurations of n particles with
at most one particle in a cell 4 + ja + 1. Thus this function mimics a short-
range repulsion between the particles. The extra integral over the transla-
tions 7 € 4 of the lattice L will restore the translation invariance in the ther-
modynamic limit. As a consequence of the uniform distribution in every
cell G (r(,..¥,)=G,(r,)G,_(rs,.,1,) for |r;,—1,]>2a, i=2,.,n and the
cell model classical fluid has strong cluster properties at all densities.

If we replace (1/|4|) x, by the Dirac measure and remove the 1 integral
in (2.5), we obtain a usual lattice model for the classical system. However,
the full translation invariance (in R?) turns out to be helpful for our
purposes and in this respect the cell model is simpler than the lattice model.

It is possible to show that |A4] p, ,(x,y) and |4] p, 4(x, y|r) have well-
defined thermodynamic limits for all the models.* To compute them, we
use a functional integral representation of the kernels,®

exp[ —(x —y)?/28]
(2np)*?

exp(—BH[x, -1, 1)(%, y) = | D2ty (o)

% [T exp [~ﬂ jol ds V(axy(s)—r,-)j| (2.6)

i=1

3 We introduce a volume factor |A| to take into account that the density of the single
quantum particle is |A| 7%



Atomic vs lonized States in Many-Particle Systems 917

where
Uy (5) =X+ 5(y —X) + /f als)

and « is the Gaussian Brownian bridge process a(s) = (a;(s), o,(s), %5(s)),
0<s<1, %(0)=2%(1)=0, with zero mean and covariance s(1—1)J;
(1, j=1,2,3) for s<t. y,(a,) represents the characteristic function of the
paths a, (s) that stay in 4 for all 5, 0 <5< 1. To obtain the thermodynamic
limit of p, , and p, , it is convenient to divide the numerator and the
denominator of (2.3) and (2.4) by the partition function of the classical
system without the quantum particle. We give the explicit formulas only for
the cell model and indicate the necessary modifications for the ideal gas
and lattice models. We get for the cell model

pi(x,y) Eli/rln | 4] P1,A(Xa y)

1 exp[—(x—y)%/2p] 1
- Do —
N, B) (2np)” J s

|4
x f dz exp [Z C,(% Y, a)] (2.7)
pa(x, yIO)Eli;n A1 p2,4(%,¥10)

__p expl—(x—y)*/24]
N(p, B) (27B)*?

1
X f D« i L dz exp L;) Ci.(x,y, g0:'

X eXp [ _B jol ds V(fxxy(s))} (2.8)

where

_3n2 1
Nip, )= (2nf) > [Da . | de
X eXp [Z C;.(x, x, a)} (2.9)
Ci(x,y,2)=In (1 +p J dr

x {exp [—ﬁ Ll ds V(a,,(s)— 1 —ja— r)] - 1}) (2.10)
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and the parameter

_z 1
T 1+z|4]

P

is the density of the classical fluid, z/(1 + z) being the mean occupation
number of one cell. In Appendix A we derive the formulas (2.7)-(2.10) and
check that the reduced density matrices are tramslation invariant, ie.,
pr(X+Xg, ¥+ X0) =py(x,¥) and py(X +Xo, ¥ +Xo|0) = p»(X, y| ~X,). This
implies in particular that the integral operators with kernels p,(x, y|r) are,
for different values of r, unitarily equivalent. Since we will be concerned
with the spectral properties, it is sufficient to study p,(x, y|0), as defined
by (2.8).

From (2.7) and (2.8) we can form the truncated reduced density
matrix

pr(X, ¥)=p2%,¥[0)—pp (X, ¥)
p exp[—(x—y)*/2p] 1
- Do —
N B) (2np)”? [ D 4|
xj dt exp [}: C,.(x,y, oc)}

Xl: eXp[—ﬁLl)ds V(axy(s))] _1:|
14 p [ dr {exp[ — B [ ds V(ayy(s) —r—ja—1)]—1}
(2.11)

which is also translation invariant.

Other Models. In the case of the ideal gas model the formulas
for the reduced density matrices are the same as (2.7)—(2.8) with
2 Cio(x,y, o) replaced by the functional pF(y — x, a), where

F(x, &) =J dr {exp [——ﬁ Ll ds V(sx + /B oc(s)—r)] - 1} (2.12)

For this model the density matrices are again translation invariant and
p=2z. In the corresponding reduced density matrix, the large bracket in
(2.11) has to be replaced by

{exp [— i jol ds V(ocxy(s))] — 1} (2.13)

To obtain the analogous formulas for the lattice model we just have to



Atomic vs fonized States in Many-Particle Systems 919

replace (1/]4]) x4 by the Dirac measure. Then we get (2.7) and (2.8) with
C. (x,y, «) replaced by

13T

G{(x, y,0)=In (1 + iz {exp [—B jol ds V(o (s) ——ja)] - 1}) (2.14)

Here the parameter z/(1+ z) represents the occupation probability of a
lattice site and the density matrices have the periodicity of the lattice.

Following the ideas presented in the Introduction, we have studied the
spectrum of the pair reduced density matrix in the cases of the ideal gas
and cell models. For the lattice model the lack of full translation invariance
makes this study more difficult and we only present some comments at the
end of this section. Averaging the position of the lattice over a unit cell
makes the one-particle density matrix translation invariant but destroys the
cluster property of the pair correlations.

The integral operator with kernel p,(x, y|0) will be denoted by p,. It
can be considered as an integral bounded self-adjoint operator from L?(R?)
to L*(R?) (see the beginning of Section 3). Our main results on the spectra
of p, for the ideal gas and cell models in three dimensions are summarized
below.

. General Properties. For any p, the spectrum of p, has an
absolutely continuous part spanning the interval [0,27], with 2=
p [dx p(x,0). If the spectrum is not empty outside this interval, then it
consists of a finite number of isolated eigenvalues all greater than X.

Il. Low-Density and High-Temperature Limits. For a given f
there exist densities p small enough (depending on f) such that the discrete
part of the spectrum is not empty and there exist eigenvalues 4, that are
related to the single-atom energy levels E, by

lim i":e’ﬂEv (2.15)

p—0

The edge X of the continuous spectrum is asymptotic to p(2nf)*? for
p—0,

There exist a p, independent of f, such that for p <p and § small
enough the discrete part of the spectrum is not empty. All eigenvalues are
asymptotic to 2 as f — 0, i.e., they merge in the continuous spectrum. The
edge of the continuous spectrum is asymptotic to p(2n8)*? for B —0.
Moreover, in the case of the ideal gas model we have p= oo and

(¢, P29,) g~ BE(L+o(1) (2.16)

2
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Il. High-Density Limit. In the ideal gas model, for fixed § and for
p large enough the discrete part of the spectrum is not empty. Remarkably
enough, this remains true for an arbitrarily weak attractive potential, i.e.,
even when the omne-particle Hamiltonian H[r] has no bound states.
Moreover, in this limit X = O(p'/*).

In the case of the cell model for fixed §, |4] fixed small enough, and
z large enough (depending on f§ and |A]), the discrete part of the spectrum
is empty. Moreover, in this limit X = O(p>*).

The results I-1I will be shown rigorously. The derivation of III is not
entirely rigorous insofar as it involves the formal computation of some
functional integrals by the Laplace method. According to the above results,
it is likely that in the ideal gas model the discrete part of the spectrum of
p, i1s always nonempty. At low density or high temperature p, has some
eigenvalues that are related to the energy levels of the isolated atom.
However, we cannot exclude the existence of other eigenvalues regardless
of density (and temperature). As already noted in the Introduction, we
believe the existence of eigenvalues at high density for the ideal gas model
to be a consequence of large density fluctuations (the variance of the par-
ticle number, in any region, divided by the region’s volume being equal to
p). Consequently, the quantum particle may form bound states with
clusters of classical particles that happen to be near the same point, thus
forming a trap for the quantum particle. This also explains why there exists
eigenvalues even when the potential is so weak that the one-particle
Hamiltonian H[r] does not have bound states. In a situation where the
density of classical particles is uniform with little fluctuations we expect
that the quantum particle cannot bind and the spectrum of the pair
reduced density matrix will be entirely continuous. This is precisely the case
for a classical fluid modeled by the cell model as we increase the density.

lonization Equilibrium Limit. Another limit of interest is the “ioniza-
tion equilibrium limit.”®*® This case is obtained by setting the chemical
potential u(f)=Ey,+ B ' +o(f '), ceR, z(2rnp)** =exp(Bu). Then it is
possible to show in the case of the cell model that if |4| (the size of the
cells) is large enough,

/;hfio p2(%, ¥10) = (1 —a) do(x) ¢o(y) (2.17)
with
rxzﬁlim [14z(2nB)*? e FE] 1= (1+¢°)! (2.18)

If we fix u<kFE,, then (2.17) holds with «=1, which corresponds to
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g = —o0. On the other hand, one can show that if u is fixed slightly above
E,, then (2.17) holds with «=0. Formula (2.18) corresponds to the Saha
formula for the degree of ionization (see ref. 9 for a discussion of this
point). We note that Girardeau’s definition for the fraction of bound
particles® is consistent with (2.17). To obtain (2.17), it is crucial that the
following operator inequality holds:

Hlr,..v,1> —Kn, K<|E), nx=2 (2.19)

For the cell model, (2.19) is valid as long as |4] is large enough, but it is
not for the ideal gas model. Equations (2.17)-(2.19) and their proofs are
similar to those of the model considered in ref. 9 and we will not discuss
them in what follows.

Outline of the Proofs. As described in the Introduction, our analysis
is based on treating the integral operator p, with kernel p,(x, y) [see (2.7)]
as our unperturbed “reference system” and p, as a “perturbation.” The
operator p, is bounded and self-adjoint from L*R?®) to L*R3) (see
beginning of Section 3). We also consider the Fourier transform

pu(k)= [ dxe ™ p,(x,0) (2.20)

The following propositions, which we prove in Section 3, will play an
important role.

Proposition 1. For any p and §, p, has an absolutely continuous
spectrum given by [0, §,(0}].

Proposition 2. For any p and B, the truncated reduced density
matrix p,= p,— pp, is a trace class operator.

It follows from standard theorems on the stability of absolutely
continuous spectra’*) that

p2=ppi+pr (2.21)

has an absolutely continuous part in its spectrum, covering the interval
[0, p5,(0)]. Moreover, by the Weyl-von Neumann theorem* this inter-
val coincides with the essential spectrum. Thus, outside this interval the
spectrum can consist only of isolated eigenvalues with finite multiplicities.*
Moreover, these eigenvalues are all greater than 2= pj,(0), since p, is a

“1t cannot be excluded on general grounds that p, has also a singular continuous part in
[0, p5,(0)]. We will assume throughout the paper that this does not occur.
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positive operator (the thermodynamic limit of positive operators). Thus,
what remains to be proven for resultl is that the number of eigenvalues
is finite. This will be achieved by the Birman-Schwinger technique in
Section 3. Let us remark at this point that since p, is a bounded operator,
it could have an infinity of eigenvalues only if X is an accumulation point
of the discrete spectrum.

The low-density limit is the easiest part and is treated in Section 4. In
this case the properties of the discrete spectrum can easily be derived by
perturbation theory around p =0.

We can construct a variational principle which will be useful in some
cases to prove the existence of eigenvalues. In view of the properties of the
spectrum that we outlined before we know that the discrete part is not
empty if we can find a function ¢ € L?(R?) such that ||¢],=1 and

@’%@ >1 (2.22)

This will be used for the investigation of the high-temperature limit in
Section 4.

The high-density limit is the subject of Section 5. For the case of the
ideal gas we use again the variational principle (2.22). The absence of a
discrete spectrum for the cell model is proven with the aid of a Birman-—
Schwinger technique.

Lattice Model. Before closing this section, we comment on the lat-
tice model defined by (2.14). For all z>0, p, is only invariant under the
discrete lattice translations, so it can have an absolutely continuous band
spectrum with a number of gaps. It can be checked that p, satisfies
Proposition 2, hence p, will have the same band spectrum as pp;.

As far as the existence of eigenvalues is concerned, we observe that
there is a limiting situation, ie., the full occupancy of the lattice
z/(14+z)=1, where p, has certainly no eigenvalues. Indeed, in the limit of
full occupancy when z/(1+z) =1, p, reduces to pp, ~exp(—fpH,,), where
H,.= —34,+Y; V(x—ja) is the Hamiltonian of an electron in a perfectly
periodic crystal. Thus p, has a continuous band spectrum and no discrete
part. On the other hand, for a sufficiently small occupation number
z/(1 + z) of the lattice, one can reproduce the analysis of Section 4 to show
that there exist at least eigenvalues 2, ~ exp(— fE,) above the supremum X
of the band spectrum.

Therefore as the occupancy number increases to 1 it will reach a value
where all eigenvalues above X disappear [certainly at z/(1+2z)=1, but
presumably in some range of values close to 1].
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The main difference with the cell model is that this will occur irrespec-
tive of the lattice spacing a, which we can choose as large as we wish. The
disappearance of the discrete spectrum in the lattice model is thus a result
of quantum mechanical coherence due to the strict periodicity of the lattice.
This coherence due to the absence of fluctuations remains even when we
send all the classical particles far apart by letting @ — 0. So the cell model
and the lattice model share the common feature that the disappearance of
eigenvalues is caused by a reduction of the particle fluctuations.

3. GENERAL PROPERTIES OF THE
REDUCED DENSITY MATRICES

It follows from the definitions (2.3) and (2.4) that the finite-volume
kernels p, , and p, 4 are symmetric and positive definite. These properties
are preserved in the thermodynamic limit.

We now derive some useful pointwise estimates on the infinite volume
kernels (2.7), (2.8), and (2.11) for the cell model.

Using In(1 + x)< x for x =0 in (2.10), we have

CiAxy,2)<p L dr {exp |:-,B Jol ds V(o (s)~r—ja— r)} — 1} (3.1)

Applying the Jensen inequality to the integral over s in the right-hand side
of (3.1) then gives

Y Cialx v, @) <p [ dr (e #1—1) = pu(f) (32)

Thus from (2.7)
Pt o (x—yY/2p

N(p, ) (2nB)*?

Since the potential 7 is assumed to be bounded, we obtain from (2.8) a
similar bound for p,(x, y|0)

pi(x,¥)< (3.3)

ePutBlphsup V1, —(x—y)¥28

X, y]0)< 34
P YOSTNG R G 4
The inequality (3.4) implies that

= max [sgp J v lo(x y)l, sup [ ax p(x, y)|]< © (35

822/67/5-6-6
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where p(x, y) stands for p;(x,y) or p,(x,y|0). We conclude'™® that the
two symmetric kernels (2.7) and (2.8) represent bounded self-adjoint
operators on L*(R?).

Since V is negative, the denominator in the bracket in (2.11) is larger
than one. Using e — 1 < xe*, x =0, and (2.2), we find that this bracket is
less than

Bersm 1 [ ds |V (o (s)I < BP0 [ ds [1+1ay(0)] 7 (36)

and then, from (3.2), we have for the kernel of the truncated density matrix
o~ x— 728

P20 VIS Clp, ) =g [ Dot | s [+ (17 (37)

where C(p, B) depends only on density and temperature. The estimates
(3.3), (3.4), and (3.7) are also true for the ideal gas model.

For the cell model, we can obtain a better estimate on p,(x,y) for
small a if we use the condition (2.2) on the derivative of the potential. By
the truncated Taylor expansion, this condition implies that for r, T€ 4

[ ds [V (ay() 1= 1)~ V(o ()1 <aC [ ds [1 4l (8)P1°7 (38)
0 0

with C independent of a for a small. Using again that V is negative, (3.6),
and (3.8), we obtain that the bracket in (2.11) is majorized by

1_J1r_z {exp [—ﬂ L: ds V(ocxy(s)):l — 1}
z 1
+ 14z m L dr

exp| = [ ds Vo) —1=0) | —exp| = [ s V(o) |

X

<APTexp(fsup VTG +a) | do T1+ oy (s)17] 77 (39)

with 4 constant.
Thus, contrary to the ideal gas model [see (2.13)], the bracket in
(2.11) is vanishingly small at high density (i.e., z large and a small enough).
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Proof of Proposition 1. Because of translation invariance we have
for any ¢ € L*(R?)

(1)) = [ dy p.(x—¥,0) 4(¥) (3.10)

Note that by (3.3), p,(x,0) is in L*(R*)n L'(R?), so p, acts as a multi-
plication operator in the Fourier representation

——

(p1)(k)=p,(k) g(k) (3.11)

Because of the bound (3.3), §,(k) is an entire function of the component
of k, so it cannot be constant on open sets of R>. Thus p, has an absolutely
continuous spectrum given by the image of the function (k). Since
p1(k)>0 and lim, ,  p,(k)=0, the spectrum is [0, supy g,(k)]. Finally,
since p,(x, 0) =0 we have

p1(0)<sup p, (k) <fdx lpi(x, 0)] = f dxpi(x,0)=5,(0) (3.12)

This completes the proof of Proposition 1.

Remark. The function p,(k) attains its maximum only for k=0
Indeed, we see from (2.7) that p,(x,0)=p,(—x,0) and that p,(x, 0) is
strictly positive for finite x,

—(x)}2B
1 e

S PN

since V(x)<0. Thus, for any k #0, the integrand of
ﬁgkyzjdxcoqk-x)pﬁx,ﬂ) (3.13)
is strictly less than p,(x,0) on some open set not containing the points

k+xe2nZ. Hence p,(k) < 3,(0), k+#0.

Proof of Proposition 2. To prove that p, belongs to the trace class,
it is sufficient to represent it as a product of two Hilbert-Schmidt
operators.! Let A(x) =1 for |x| <1 and A(x) = |x| 2% for |x| > 1, with
£>0. We denote by / the multiplication operator by this function. One can
easily check that the operator

K=(—4+1)""h (3.14)
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is Hilbert-Schmidt. Since p,=K(K 'py), it is sufficient to prove that
(K~ 'p,) is Hilbert-Schmidt, i.e.,

[[dx [ dy 11172 1(= 44+ 1) pr(x, ) < 0 (3.15)

With the explicit formula (2.11) for p,(x,y) we check in Appendix B that
(3.15) holds.
For the proof of T we will need the following result.

Lemma 3.1. Let |p,=[(ps)?]1"> The kernel of this operator
satisfies

Ji=[ax [y i(lp-))(x, y)l < o0 (3.16)

ry=[ax [ay| [ o0 20 Wpaa )l | <0 G317

Here the nontrivial point is that we have to deal with the kernel of |p ]
instead of p .

Proof. From Schwartz’s inequality

i< Jax ay [ [ae 0o 202 | [ [ @100 07

={J dx U dz |(1p)(x, z)|2]1/2}2 (3.18)

We introduce again the same function /(x) as in the proof of Proposition 2.
By (3.18) and the Schwartz inequality

172

s [ x| [z o]}

<[ [ axinoor | [ax w2 [ e 1o | 619

We recall that the multiplication operator by the function 4(x) is denoted
simply by % The last bracket in (3.19) is the square of the Hilbert—Schmidt
norm of A~! |p|. Introducing the polar decomposition of the self-adjoint
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operator p, (ie, |p7=psU, U unitary) we notice [A ' |psl]l,=
lh'pll,, and therefore

ru| [ax oo | fax fay oo xR | 320

Now with the help of the estimate (3.7) it is possible to check that J, < o
[for & small enough in the function A(x)].
For J, we write

Jy= ax [ dy n(x) yLA) AT (o2 )%, )

1/2
<| Jax oo {] ax [ ay v w012 100 0 w0}

1/2

<[ [ ax |h(x)|2}{ [ax [dy a1 100 7)0x y)|2} (3.21)

The first inequality is Schwartz and for the second we use g(1/2)<
i[g(0) + g(1)] for the convex function of ¢,

=4 ax [y D)1 THT 0 o Dix 7} 322

The bound (3.21) involves the Hilbert-Schmidt norm of 22 |p,|, which is
equal to that of 1= %p,. Thus, in the last line of (3.21) we can replace |p |
by p and explicitly show that the bound is finite as for (3.20) (for & small
enough). Let us just remark that this time the fourth power of A(x)
[instead of the square in (3.20)] appears, so we really need that the
potential V' is O(|x| "), n =6, at infinity. This completes the proof of
Lemma 3.1.

Let N be the number of eigenvalues of p, that are greater than X.
According to the discussion after Propositions 1 and 2, the proof of I will
be complete if we show N < co. For this we introduce N, the number of
eigenvalues of pp, + |p,|. The following inequality holds:

N<N' (3.23)

This is a special case of the following result.

Lemma 3.2. Let 4, B be self-adjoint operators such that 4 < B. Let
o be the supremum of the essential spectrum of B. Let N(A4, o) and N(B, o)
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be the number of bound states of 4 and B above o. Then N(4, g)<
N(B, o).

This Lemma is stated in ref. 15, p. 54, and can easily be proven by the
minmax principle.

If we set A=p,, B=pp,;+|ps|, we have A < B and 0 =2 as a conse-
quence of Propositions 1 and 2. Thus we can apply Lemma 3.2 to our
choice of A and B to obtain (3.23).

Proof of | Completed. For A>2X we define

K(A)y=lpr"? (A—pp))~"lp"? (3.24)

From Proposition 2 we know that |p,|*? is Hilbert—Schmidt. For a given
.>2%, (A—pp,) ' is bounded, so K(1) is also Hilbert-Schmidt (even trace
class). Consequently we can apply the Birman—Schwinger principle in the
form'® (see also ref. 17)

N'< lim Tr K(4) K(A)* (3.25)

A-X

In (3.25) the limit may be finite or infinite. We will show that it is in fact
finite and therefore, using (3.23), N < co. We make the following decom-
position:

’ 2 1
Tr K(4) K(A)* =Tr |pl S(4) |p7l S(4) + Tr o7l S(2) lp7l - Tr |p7|?
(3.26)
where

S(A)y=(A—pp) ' =2 =pp(A—pp,) " (3.27)

Obviously the last term on the right-hand side of (3.26) has a finite limit
when A tends to 2. Let us first control the limit of the second term. Since
lp-| and S(1)|p;| are Hilbert-Schmidt, the trace can be represented as
follows:

Tr lp7l S() lprl = [ dx [ dy (Ip2))(% YXS(2) Io:)y, %) (328)

From the proof of Proposition 1 we see that

pp (k)

(S0 y) = dk etk-oxmn LEL0

(3.29)
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The integral (3.29) is absolutely convergent for A>2=pj(0), since
(i) (k)< p(0), and (ii) §,(k) has an integrable decay because p,(x, 0) has
integrable derivatives as a consequence of the smoothness of the potential
(2.2). From (3.28) and (3.29)

ITr [p7l S(2) [p7l]

) p.(k
- ‘ [lax [y [ dz [ ak (0.1)x, y)e'k'<y~z>l—fip[§7)k)(|prs>(z,x)

<{j dz [ dy U dx 1(1p)( X)(1p2))(X, y)x]}

X U dk }.{)%(lk_)} (3.30)

We know from Lemma 3.1 that the integrals in the large braces of the
right-hand side of (3.30) are finite. This also justifies the interchange of
integrals. Let us check that

pp (k) —jdk pi(k) <o (3.31)

lim | dk ~ = po "
»‘-ﬂzf A—ppi(k) A0)—p,(k)
We know that the integrand on the right-hand side of (3.27) has a unique
singularity at k=0 (by the remark after the proof of Proposition 1). For
the two models p,(x, 0)=p,(—x, 0) and p,(x,0) =0, so

fdx xp1(x, 0)=0, osfdx|x|2p1(x,0)<oo (3.32)

Thus the singularity at k =0 is O(|k| ~?), an integrable one in three dimen-
sions. Since g,(k) has an integrable decay at infinity, (3.31) follows by
monotone convergence.

It remains to control the limit of the first term on the right-hand side
of (3.26). We have again a product of Hilbert-Schmidt operators, so we
can represent the trace as

Tr{p7 S(4) (ol S(l)=fdx J dy (lp7 S y)lp7 SGN(y, x)  (3.33)
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With (3.29) we get
ITr ol S(A) [prl S(A)]
= dejdyjdzjdkjdz’fdk' (lp)(x, 2)

ey _PPAK)
A—pp(k’)

<U dx | dz |(|pT|)(x,z)lTU dk %T (3.34)

k- (z—y pﬁl(k) 7
x et ’——l_pﬁl(k)(lpTl)(y,Z)e

The first bracket in the last iine of (3.34) is finite because of Lemma 3.1.
The limit of the second as 4 — X is the same as (3.31). This completes the
proof of I.

4. THE LOW-DENSITY AND HIGH-TEMPERATURE LIMITS

In this section we will prove the results in IT for the cell model. The
arguments for the ideal gas model are similar. Let us begin with the low-
density limit. From I we know that the edge of the continuous spectrum is

2=p[dxp,x,0)

P exp[ — (x)%/26]
= d
Nip, ﬁ)J T np)

x j Do Iél'—| L dr exp [? C;.(x,0, oc)] 4.1

Using the estimate (3.2), it is easy to deduce that lim,_, N(p, f)=
(27B)~*? and lim,_ o[2/p(2nB)**]=1 by dominated convergence. To
prove that the discrete part of the spectrum is not empty, we make the
following decomposition:

P2 [e-##1+ R] (4.2)

__P
N(p, B)
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where R is an operator with kernel

R =S [, 1

X exp [ —B fol ds V(dxy(s))]

X {exp I: Y. Ciax,y, oc)} — 1} (4.3)

j#0

We estimate the operator norm of R by

IR) < Max] sup [ dy IR(x, )l sup [ dx |R6x ) |
X ¥
L efsvp V(epv(ﬂ) —1) (44)

where we have used (3.2). Thus | R|| = O(p). So by the regular perturbation
theory, for f fixed and p small enough, p, has isolated eigenvalues A,
satisfying (2.15).

For the high-temperature limit we cannot use the same method
because [as can be seen from (4.4) and v(f) = O(f)] the perturbation term
in (42) is O(f), whereas the spacing between the eigenvalues of
exp(BH[0]) is also O(f).

We first look at the edge of the continuous spectrum as f— 0 and
prove that all possible eigenvalues must merge in the continuous spectrum
in this limit. For this to be true it is sufficient to have

. llpsl
lim —==1 .
im s 3)

We have
E<pal <Max | sup [dy lpax, v swp [ ooty | 4

The operator p, is self-adjoint, so [(p,)(x, y)| is symmetric; thus,

1< A <sumdy 1pa(x, ¥)| 47)
> z
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We have from (2.8), after the change of variables y — \/E y+X,

[dy |p,(x, y)l
>

= “ dy exp <— y;)JDOC L dz exp L;ﬂ C; (%, /By +x, “)}
><exp[—ﬁj01 ds V(x+\//§y+\/ﬁd(5))}}

2

x{jdyexp(— %—)JDaJd‘c
o [2}; C,.(% By +x, oc)]}l (4.8)

From (3.2) it follows that

Y 1C;(% y, )] < Bef 2 M1 [ dr [V(r) (49)

showing that the integrands in the numerator and the denominator of (4.8)
are bounded by and tend to e ¥/* uniformly with respect to all the
arguments as f§ — 0. Hence the ratio (4.8) tends to 1 uniformly with respect
to x by dominated convergence. Thus we have (4.5). One can also prove,
using (4.1) and (4.9), that lim,;_,[Z/p(2nB)**]=1 by dominated con-
vergence.

To prove the existence of eigenvalues in the high-temperature limit we
use the variational principle (2.20). We choose an eigenfunction ¢, corre-
sponding to an eigenvalue E, of H[0]. Then a computation presented in
Appendix C gives for § small enough

(dy: p26.) 1 :
G st) _, _ﬁ[mjdx V. (x)

+fax g mr [ vo@n @0

where the effective potential ¥ °%(x) is

z 1

VIx) = V() ~ 1 7

L er de Vix—r—1) (4.11)
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and the effective mass m(f) is given by the formula (C.8) in Appendix C.
Since m(f)=1+ o(1), for § small enough we have

m’—gz%):l—ﬁ{Ev[Hom]
z 1
+EWL&L&T\V(X—T—¢)I |¢v(x)12} (4.12)

There exists Z(4) small enough (independent of f) such that for z <z(4)
the brace is negative (since E, <0) and thus (4.12) is greater than one. This
proves the existence of eigenvalues for p < g and § small enough; here

H4) 1
[+ 2(4) 4]

p_—_—

Let us also remark that if {4} — o0, V(x)- V{x), so we have
Z(4) = co. On the other hand, if |4| -0, V(x)— [1/(1 +2)] V(x), so
that z(|4| =0) < z, for some fixed number z,.

In the case of the ideal gas model one proceeds in the same way. This
leads to (4.10) with ¥ *(x) = V(x). Thus, in the ideal gas, (4.12) becomes

(¢, p28.)

=1 BE[1+o(1)]=e PR o) (4.13)

showing that for small § there exist bound states for all values of the
density.

5. HIGH-DENSITY LIMIT

Our analysis of the high-density limit involves the computation of
functional integrals by the Laplace method. We begin with the ideal gas
model.

/deal Gas Model. To show that there remains an eigenvalue at high
density, we will use again the variational principle {2.22). This leads to the
computation of some functional integrals which we first explain. Let Q be
the space of (x, ), xe R®, « a Brownian path such that a(0)=a{1)=0 and
g{x, a) a functional from £ to R. The behavior of the integral /(p)

exp[ —(x)*/2p]

I(P)Ejdx 2nf)"?

Da g(x, o) exp |:pfdr F(x, cx)] (5.1)
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is given for p sufficiently large by
(p)=[1+0(1)] g(0,0) 2°[/p K(p)] '
1
X eXp [— 5\/;K(ﬁ)] exp (p f dr {exp[ - pV(r)] - 1}) (5.2)

where K(f) is given by (5.8) and F(x, o) is the positive functional (2.12).
One can see that (x =0, « =0) is a stationary point of F(x, a) in the space
. Indeed, the first derivatives are

V. F(x,a)= ~J dr ﬁjl ds sVV(sx + /B afs)~r)

xexp[»[)’f; ds V(Sx+\/ﬁoc(s)—r)] (5.3)

iy T 0= = f dr B2 VV(tx + /B o(t) )

xexp[——ﬂrds Visx + Boc(s)——r)] (5.4)
If we specialize (5.3), (5.4) to (x=0, « =0), we get

(VXF)(0> 0) = ‘g j dr VV(]') e ~hVR)

1
- BV _ 1) =
2jdrV(e 1)=0 (5.5)

(%(l) F) (0, 0) = -——ﬁ3/2 J‘ drVV(l') efﬂV(r)

= \/Ejdr Ve 7™ - 1)=0 (5.6)
Moreover,

F(0, 0):fdr (e PV _ 1)

so by applying Jensen’s inequality to the s integral in (2.12) one readily
concludes that this stationary point is also an absolute maximum for the
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functional. Expanding F(x, «) around (x =0, « =0), we find up to second
order

F(x, a) = F(0, 0)—% [K(f)T? fol du fol o

x[d(u—v)— 1][\/B ofu)+ux]- [\/ﬁ a(v)+ovx]  (5.7)
with

ﬂ2

[K(B)1* =" [ dr VW) exp[ — V(1)) (58)

We now prove that the quadratic form in (5.7) is not degenerate and
negative definite.

Lemma 5.1. For any (x, ) e Q not equal to (x=0, x=0) we have
the strict inequality

jol du fol dv [8(u—1v)—11[/B a(w) + ux] - [/Bov) +vx]1>0  (59)
Proof. First we notice
jol du jol dv [8(u—v) — 110/B a(u) + ux] - [/B a(v) +vx]

=J01 du {[\/ﬁ a(u) + ux] —jol ds [/B a(s)+sx]}220 (5.10)

Since the Brownian paths are continuous, (5.10) implies that (5.9) can
vanish if and only if we have

\/Ba(u)+ux=jlds [/B a(s) +s5x] (5.11)

for all 0 < u < 1. Specifying (5.11) to u=0 and u =1, one sees that x=0=
{4 ds [/B a(s)+sx]. Thus, by (5.11), a(u) =0 for all 0<u<1.
Having established that (x =0, « =0) is an absolute maximum and a



936 Lebowitz et al.

nondegenerate stationary point, it is legitimate to compute the asymptotic
behavior of I(p) in the Gaussian approximation,

1(p)=[1+ 0(1)] (0. 0)exp  p [ dr {expl V(1)1 1})

exp[ — (x)*/28]
X f dx _—_—(Znﬁ)m

X eXp {— g [K(B)]? jol du jol o

Da

x [0(u—v)— 1][\/-ﬁ_ a(u)+ux] - [\/B a(v) + vx]} (5.12)

The Gaussian integral in (5.12) can be exactly computed, and one obtains
the result (5.2). The computation is carried out in Appendix D.

To compute the ratio (2.22), we choose a sufficiently regular function
#(x) such that ||@||,=1 and ¢ does not vanish on the support of V{x).
Then

exp[ —(x)*/28]
(2mp)*2

(¢, p29) =~ [ dy #(y) | dx

D
NGo, ) e

X eXp [—ﬁ jl ds V(y +sx + \/ﬁa(s))] exp[pF(x, a)] (5.13)

and

p jdx expl —(x)"/2f] Da exp[ pF(x, «)] (5.14)

(p, B) (2np)>?
Using (5.2) for g(x, «) equal to

2=
N

H(y + X) exp [—ﬁ Ll ds V(y +sx + \/ﬁ a(s))]

and equal to 1, respectively, we obtain

lim (-(é’§—2¢2=fdy B(y)2 e P® > 1 (5.15)

p— 0

If we replace V by xV, where « is a coupling constant, we note that (5.15)
is still strictly greater than one for any value of the coupling constant. So
even if k is small enough so that —%4 + xV has no bound states, we will
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have discrete spectrum in p, at large enough densities. The significance of
this point was discussed in Section 2.

We also remark that to derive (5.15) one does not need to compute
the Gaussian integral in (5.12). However, this computation is useful for
latter purposes.

To derive the asymptotic behavior of 2, we still need to compute the
asymptotic behavior of the normalization factor N(p, §) as p — co. For this
quantity one gets a Gaussian integral similar to the one in (5.12). The
calculations are sketched in Appendix D.

We now turn to the discussion of the cell model.

Cell Model. In this paragraph we want to show that the discrete
spectrum of p, is empty at high density. We will use the Birman—-Schwinger
operator, as in Section 3, ie.,

K()=p7 "2 (A= ppy) " psl'? (5.16)

We recall that the edge of the continuous spectrum of p, is 2= pj(0).
The Birman-Schwinger operator has the following property: p, has no
eigenvalues if and only if

sup | K(3)]| <1 (5.17)
A
where ||-|| denotes the operator norm.”'”) To estimate the operator norm,

one could try to use |K(A)ll < K(2)|,, where |||, is the Hilbert-Schmidt
norm, and then make estimates similar to those of Section 3. However, it
turns out that this does not give sharp enough inequalities. Instead we will
use the following two lemmas.

Lemma 5.2. Let A(x) be the function defined in Section3, ie,
h(x)=1 for |x|<1, A(x)=]|x| " ®2%9 for |x|=1. Then the following
quantities are finite:

mo=sup [ dy lpz(x, y)| =sup [ dx |p7(x, y) (5.18)
my =sup [ dx [h(x)1 77 lor(x, ¥) (519)
m; =sup {[h(x)] [y lprix y)|} (5.20)

Lemma 5.3. One has the inequality

m max(m,, m 5-(k
sup [K(4)] <20 4 2 22X ”jdk pp (k)

= 5.21
sup 5 5 Topa O
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We do not give the details of the proof of Lemma 5.2, which is based on
the bound (3.7) for p,(x, y). Here we give the proof of Lemma 5.3.

Proof of Lemma 5.3. First we make the decomposition

K(2)=24""1prl +1p7 "2 S(2) lp"? (5.22)

where S(A)=(A—pp,;)~*—A47!, as in (3.27). Then

LKA <27 ozl + ool S(A) 1o 2| (5.23)

and since |p4l| <m,

m
sup | K(4)]| <EO+ sup [l lp7l"* S(2) lpl "2 (5.24)

A>X A>Z

Now it remains to estimate the second term on the right-hand side of
(5.24). We remark that S(1) is a positive self-adjoint operator, so

o2 S@Y oA 2l = (7" [S(A)T)ULS()]T* 1A )]
<o LS Tl LS "Il
= (oA LS (o7 [S(A)]3)Il
= [S()1"* hh=" |prl A RLS()]2],
<A™ lpl A7 ITS(A) T2 Al (5.25)

where / denotes the multiplication operator by the function #(x). Since p,
is the multiplication operator by g,(k) (see Section 3) we have

N1 az={ak [ae 228z ke (sa6
ST hl3= [ dk [k S PR RO (526)

where % denotes the Fourier transform of the function A(x). Evidently % is
square integrable. Thus, using (3.31), it is clear from (5.26) that

1/2 2 __ T 2 pﬁl(k)
sup (802 ki3 = [ ak (o | [ ak 20 (s2)

To obtain (5.21), it remains to prove

1A= 1ol A1 < max(m,, m,) (5.28)
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For given ¢,y € L*(R?), |4],=|¥|,=1, we define the function of the
complex variable {,
Fyo(O)= [ dx [ dy GO0A0T % (p,))(x, YA 24 99(y) (529

We will show later that F, ,({) is analytic and bounded for { in the strip
{{]0<Re {<1}. Thus, by the Hadamard three-line lemma®’

[Fo (DI IFy y (0) % [F, (1)~ ReE (5.30)
for { in the strip. Applying (5.30) to { =1/2 gives
(@, h= ol A=) IS, lprl h2Y)1 2 (g 2 Mp ol W)
<ligla ol A2 12 1A% 1p Al W15
<UHprd A721Y2 1h2 |p ol |2
=lprh 2" |h=2p )" (5.31)

For the second inequality in (5.31) we used the Schwartz inequality, for the
third the fact that |@||, =[], =1, and the last one follows from the polar
decomposition of p,. Since (5.31) is valid for any normalized ¢, we choose

¢=(n""lpr A=)/ Ih~" lp7l k™|, which gives
A= ol Bl < llprh =212 1h2p 7|72 (5.32)
Finally, we deduce (5.28) thanks to the operator norm estimates
lprh™? <Max(my, my),  |1h*prl < Max(my, my)  (5.33)

We conclude the proof of this lemma by showing that F, ,({) is analytic
and bounded in the strip {{|0<Re{<1}. Since h(x) is strictly positive,
the integrand of (5.29) is analytic in the strip for each fixed x and y. Let
Re { =1t; then by the Schwartz inequality

12
Fy O <1l 191 { [ ax [ dy D01~ ol (x, 3)1° [h(y)]“““”}
(5.34)
In the estimate (5.34) we recognize the convex function (3.22). Thus,
12
Fy uO1 < 191 11 {j dx [ dy [h(x)1* [lpsl(x, y)]Z}

=Ml Il 1872 1ol lla= 14l IWll2 1207l (5.35)

822/67/5-6-7
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As argued after (3.22), this is finite. Therefore the integral (5.29) is
uniformly convergent, implying that F; ,({) is analytic and bounded in the
strip 0<Re {< L. ‘

Now we can apply Lemma 5.3 to show that at high density (5.17)
holds for the cell model, and thus there are no eigenvalues. For this we
compute the two terms on the right-hand side of inequality (5.21) and
show that they tend to zero as the density tends to infinity. We recall that
the density is

2 1
1+z|4)

p= (14| =a’)

We will be interested in the limit where z/(1 + z) is sufficiently close to 1
and |4| = a? is sufficiently small.

Estimate of the First Term of the r.h.s. of (5.21). Estimating the
bracket in (2.11) simply by A(B)(z~' +a) [A(B) = APe?***"1; see (3.9)],
and using the translation invariance, we deduce

p fd eXP[—(y)z/Zﬁ]fD 1

[y lprte V< AB)E @) 5o e Ry
xj dr exp |:Z C;.(0,y, a)}
— A(B)=z""+a) 5 (0) (5.36)

Thus we have obtained (my/X)<A(B)Nz"'+a), which can be made
arbitrarily small for large z and small a.

The estimation of max(m,, m,)/2 and of j,(k) is more complicated; it
requires the computation of functional integrals by the Laplace method.

Estimate of the Second Term of the r.h.s. of (56.27). All the quan-
tities of interest will involve the integrals over (2nf)~ %% e */? dx D« of
the exponential of the functional

Z Cj,m((), X, o)
i
z
=YIn{l4+—
Zj:n< +1+ZJer

X {exp I:—ﬂ jol ds V(sx+./B oc(s)—ja—ra—w)} - 1}) (5.37)
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where Q is the unit cube Q = {x||x,| <1/2, n=1,2,3}. For a given size of
the cells a, we take z sufficiently large such that 1/(1 4 z) = O(a’), as stated
in III. One can perform a Taylor expansion for small a with respect to
ra+ ta (here 1€ Q) and 1/(1 + z). Then we approximate the sums over j by
Riemann integrals. Carrying out these calculations (see Appendix E) leads
to the result

2

Y C; (0, %, 2) = -—ﬁgfdr V(r)+2—li—G(x 2)+0(1)  (538)

where
G(x, x)= J dr

Jl ds VV(sx+ /B a(s)—r) ’ (5.39)

and O(1) is a functional depending on x, «, a, and z which is uniformly
bounded with respect to all its arguments as z ' = O(a?) and a — 0. Thus,
there exist constants C, and C, such that

2
C, exp [ﬁgfdr Vir )+%G(x a)}

<exp [Z C; (0, x, oc)}
<C, exp[ﬁ jdr V(r)+—ﬁ—2—G(x cx)] (5.40)

In view of (5.40) we have to find the asymptotic behavior of functional
integrals analogous to (5.1) with pF(x, a) replaced by (8%/24a) G(x, a).

By Schwartz’s inequality applied to the s integral in (5.39) we find
that G(x, «) <G(0,0)=[dr [VV(r)]>. Thus (x=0, «=0) is an absolute
maximum in the space Q. Moreover, it is easy to check that it is also a
stationary point. Thus we expand G(x,«) up to quadratic order around
this stationary point and find the same quadratic form as (5.7) with
[K(B)]* replaced by

3

W p =5 [dr 3

i=1

2

0
V—Wy)
oy

i

(5.41)
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Thus we have a formula analogous to (5.2), namely

2 2 2
J(a) —Jd %‘#—MD%(X, o) exp [2[2—61 G{x, oc)}

=[1+4+0(1)] g(0,0) exp [ B

2

J.dr IV (r)| }

[ax SRS,

(2n ﬂ)”

X exp {— 211—‘1 [W(B)]? Jol du fol dv

x[5(u—v)—1][\[ +ux][\/ﬁa(v)+vx]}

2 3 1/2 \ 1/2
=L+ o(1)] 200 27 (520
372 2
xexp<— %) exp[ﬂ jdr IVV(r)| ] (5.42)

Now we can readily estimate max(m,, m,)/X. For this we use the
inequality (3.9) and the translation invariance

my =sup [ dx [h(x)] 7 [p7(3, )|

=sxy1pjdx [h(x+¥)]~ lpr(y, x +¥)|

exp[ —(x)*/2p]

p
)Ty P | X gy 2

SAPB)z"
X |h(x+y)| 2 Jl ds [1+ Iy—i-sx—i-\[oc(s)|]*’7/2

x f dr exp [Z C. (0,x, oc)] (543)
o ; )

We recall that

=pfdxx)(x,0)=

o exp[ — (x)42]
N F) g P

X JQ dt exp [Z C; ..(0, JBx a)} (5.44)
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In both (5.43) and (5.44), we replace the functional (5.37) by its continuous
approximation (5.38) and use the asymptotic form of the integrals (5.42)
with the suitable functions g. We get

1 CZ —1 -2 2y —
mf<a (B)(z +a)[1+0(1)]sgp('h(y)l (1+1y1*)~"?)
<B(B)z"'+a) (5.45)

where B(p) is finite, since we have A(y) %= O(]y|®) and # > 3. Proceeding
in the same way, one finds also that m,/2 = O0(z "' +a).

Now it remains to compute pp,(k)/Z. We use again the continuous
approximation (5.38) and the Gaussian approximation (5.42),

ppi(k) _ fdx [e=™"2/(np)*] Da ™ [, drexp[F; C; (0, %, 0)]
X fdx [e~%728/(2nB)*?] Da [, dr exp[3; C; 0 x, o)]

i ) fdx [e~ ®28/(2n )] Do e’ exp[ — (2/24a) G(x,a)]
= +oll)] [ dx [e=™78/(27p)*?] Daexp[ — (B°/24a) G(x, %)]

1/2
:[1+o(1)]exp< \/(_3‘;)/([”| |) (5.46)

Note that here we cannot replace e’** by 1, because this would not give the
correct behavior for |k| - +oo, which we need below. The computation of
this Gaussian integral can be performed exactly and is explained in
Appendix D. With (5.46) we find for small a

j ak L0 ey (5.47)

Finally, gathering (5.47) and (5.45) for m,/% and m,/X and (5.21), we
obtain (5.17) for z large enough and a small enough. We recall that the
result is valid for 1/(1 +z) < Ca’.

APPENDIX A. DERIVATION OF (2.7)-(2.10)

We sketch the derivation of the thermodynamic limit for the cell
model. For the ideal gas and lattice models the arguments are similar,
Using formulas (2.5) and (2.6), we can write the partition function of the
cell model explicitly,
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Y

1 Sz
Z,=02np)" 3/2[ JDcxmf dt y 4(a §;11¢2¢jn
" 1
dr — y,(r—j,a—
<14, ar gt —iia=)
xexp[—ﬁrds V(x+\//§o¢(s)—r)}}
= (2nB) > [ ax jnamf v 14(0)
lel{lﬁ—zj/ldrm—'xd(r—ja—t)
xexp[—ﬁrds Vix+ ,Boz(s)—r)]} (A.1)

We choose a sequence of domains consisting of N cells, |4| =N |4]|,
N— oo, If we set ¥(r)=0 in (A.1), we find the partition function of the
classical fluid without the quantum particle: (1 + z)". Thus the density is

18 1
- . 1 N_
TRt C TR g

(A2)

We can compute the thermodynamic limit of the ratio of (A.1) with the
partition function of the classical gas

24
|A| |AI(1+Z)N
- -3 -
(278) jDa |A|j de
1 z 1
><eXp<zln{1+z+1+zm

x L dr exp [—ﬁ jo ds V(x+\/ﬁzx(s)—ja—r~r)}}> (A.3)

This is exactly the same as (2.9). In order to obtain (2.7) and (2.8) we
divide the numerator and the denominator of (2.3) and (2.4) by (1 4+ z)*.
The term corresponding to the denominator yields the normalization factor
(2.9). Then one computes the thermodynamic limit of the term corre-
sponding to the numerator. We sketch this computation for the case of
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the pair density matrix only. The modifications for the one-particle density
matrix are obvious. We have

7

&z
Z ;—_{ drl J.A drn Gn+1(0’ | SPTN rn)

X eXP( '—ﬂHA[OJ 1'1,..., l'n])(X, Y)
exp[ — (x —y)*/28] 1
s R} LN

[ ol 4
<

1
« 3 Doinaen| ~p[ b Ve |

. [1{] ar 5 rte—ja=o)

0#]1# Sy i=1

< exp [—/3 [ s viotsr-n |}

expl—(x—¥)/26]
——ar P

1 .
& m ‘L dr ;{A(axy)

% TAI!TGXP [ ~B J; ds V(Ofxy(S))]

1
x ] {l-&—zLdrmxd(r-«jaar)

jeL/{0}

X eXp [~ﬁ jol ds Vo, (s)— r)]}

1 exp[ —(x—y)}/2p]
s R

4] j dz XA(axy)

X exp [:~ﬁ jol ds V(cxxy(s))]

1
In{l+z—
xexp(jeg:/{o} n{ + 7l M(xd(r)
xexp[—ﬁf ds V(axy(s)*r—ja—r)]}> (A4)

Using (A.3) and (A.4), we get the formula (2.8} for the thermodynamic
limit.
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To check that the density matrices are translation invariant, one
can use

Y G x+X0, Y+ Xp, )=, C; . (X, ¥, a) (A.5)
] i

and
1 j drexpd C;, (%, y,oc)=——1 Jr drexpy C; (x,y, %) (A.6)
|A| y ; 1B 0 |A| 4 ; )T

Formula (A.6) follows from the periodicity of the integrand considered as
a function of 7.

APPENDIX B. PROOF OF (3.15)

We differentiate (2.11) with respect to the components of the vector x
and make the following observations.

(i) According to (2.10) and (3.2), one finds that the first and second
derivatives of 3; C;.(x,y,«) are bounded by Cst|dx |VV(x)| and
Cst | dx |4V(x)| uniformly with respect to all the arguments.

(ii) In view of (2.2), the derivatives of the large bracket in (2.11) are
majorized by

1
Cst fo ds [1+ o, (s)[2] -7

(iii) Derivatives of the Gaussian exp(—|x —y|?*/28) have Gaussian
bounds.

Thus there exist constants C; and C, such that 4p(x, y) has a bound
similar to (3.7),

1
4706 Y < Crexp(—Ca Ix —yI?) [ Do | ds [1+ I (P17 (Bu1)

Using (B.1) and (3.7) together with the Schwartz inequality for the
normalized measure Do ds, we obtain

(—4,+ 1) pr(x, y)?
2[4 pr(x VI + 1pr(x,¥)7]

1
<Ciexp(=Cylx—y1") [ Da [ ds [1+]ay(s)*1™"  (B2)
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With our choice of 4(x), we have |A(x)| > <1+ |x|>*2%; thus,

[ ax [ dy 1hx)1 72 1= A4+ 1) (%, y)P?

1+ Jor, (s))° %

<C3jDaJ01 dsjdxjdyeXp(—C’zyz)[ T+ X7 } (B.3)

Since # > 6, this last integral is finite provided that ¢ is small enough.

APPENDIX C. PROOF OF (4.10)

In this appendix we prove (4.10)-(4.11). Let ¢ be three times differen-
tiable with bounded derivatives, and ¢e L'(R*). We have the Taylor
expansions

1
B+ /BY) =600+ /By -V6(x)+3 By VP $(x)+ B2O(y)  (C1)

exp {——B fol ds V{x + \/E[sy + oc(s)])}

=1—BV(X)+/33/20(|y|+Sgp |o(s)1) (C2)

Let us compute the ratio (2.22) with the aid of the Taylor expansions
(C.1) and (C.2). To this end we set

rre] dyexp[zﬂ()zr/)zz/Z] [pat jdrexp[zc fy,o(x)} (C3)

Using (3.2) [with v(8)= 0(f)], one checks by dominated convergence that
2"=1+o0(1) for small f. We have

s Do 1 )2/2
(¢g¢) 2,,de¢( )J GXP[ (z/z/]fD S(x+/y)

xif drexp{-/3fl dx V(x+\/E[sy+a(s)])}
|41 4 0

X eXp [ Y Ci(x+ \//_fy, X, a]
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:Lé, j dx ¢(x) [q}(x) + /By Vé(x)

1
#3 BV 61x) - BY(x) 400 |

Cexpl- (Y2l 1
G| Dapy ]

X eXp [ Y G (x+/BY. %, oc)] + O(B*?) (C.4)

j=0

where the term O(f*?) comes from contributions involving the remainders
in the Taylor expansions in (C.1), (C.2). One checks that these contribu-
tions are indeed of order f** with the help of (3.2) and { |¢(x)| < co. Let
us also note that

exp l: Y Cp.(x+ \/E Y, X, oc)}

j=0

fnlpsneiino]
<1+1+z|;|f r {exp[_ﬁﬁds V(“"y(s)_’"”]—l}yl

| 1-p ] dr v 00y s ) |

X eXp [Z C,.(x+/By.x, oc)] (C.5)

We insert (C.5) in (C.4), keeping explicitly all the contributions up to
order S,

oh)_ L1y [ay gix) [¢(x)+ﬁy.v¢(x)
1
+ B By - V) p(x)— BV(x) ¢(x)]

exp[ —(¥)°/2]
x——W— lAJdrexp[ZC”(\/—yOa]
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+—/3~—-—de |¢(x)|2ﬁL er dr V(x —r—1)

=
— (V)22

<o B [Daew [ 5.6 e Fan |

+0(5) (6)

Note that we have used (A.5)—(A.6). This is important because now we can
exploit the symmetries of the cubic lattice to obtain

(4. p29)
L2 1 o [ ax b0 20(x) [ ax 6001 Vix)

+ 5 [ dx [(x)I> V4(x) + O(B*?) (C7)
with
o exp[ (v)*/2]
() = 5 [ dy Iy =H e Jpart
x L dz exp [Z cj,i(\/ﬁ v, 0, a)J (C8)
Ve(x)= z |Al| fdrf dr V(x-—r—r)%

f dy e"pE - ()’3'/22/ ! f Do exp [Z Ci(x+/By, %, a)J (C.9)

It is easy to show that

z 1 )
ll+z|A| f d’fd’ Vix—r—1)=Vy(x)| =o(1) (C.10)
From (C.7) and (C.10) we deduce
(@ p29) | ) . ; y
2" ﬁ[z (ﬁ)jdx IVé(x)l +deV (x) |(x)] ]+0(/3 )
(C.11)

where V" is given by (4.11).
The eigenfunctions ¢, of H[0] have an exponential decay,*® so they
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belong to L'(R?), and they have the required differentiability properties as
a consequence of the smoothness of the potential (2.2). Thus, (C.11) holds

for ¢ =¢,.

APPENDIX D. GAUSSIAN INTEGRALS

First, we show how to compute the general Gaussian integral

exp[ —(x)*/28]
(2np)**

x [6(u— ) — 1][/B #(w) + ux] - [/B %(v) + ux]} (D.1)

2

Hv(k)=jdx Daexp(zkx)exp{ yﬁl Jdv

where y is a dimensionless parameter. It is convenient to define the
normalized Gaussian measure

B exp{—3? [ du [ dv [6(u—v)— 1] o(u) - a(v) }
D D exp{— 31 [h u J3 o [3(u— o) — 1] o) -t(0)}

The normalization factor is equal to [(2/y)sinh(y/2)] ' (see, for example,
ref. 13). Since the covariance of the Brownian bridge is the inverse of
—d?*/ds* on [0,1] with Dirichlet boundary conditions, the covariance
C,(s, t) of the measure (D.2) is the solution of

(D.2)

2

_ % Cyls, 1)+ 92 [cy(s; 1) — Jl ds C, (s, z)} —d(s—1) (D3)

with 5, 1€ [0, 1], C, (s, 1)=C,(¢,5), C,(0,1)=C,(1,1)=0. One can check
that

-1 1
C(s, )= (% sinh %) 7 |:cosh y <|s - 5) +cosh %

—coshy(t—%)—coshy(s—%)] (D4)

We will also need the formulas

2

JDyaexp[—;—ﬁj du (2u—1) /B a(u) - x]

—exp [;—ﬁ |X|2f0 du jol do (2u—1)(20—1) C,(u, v)] (D.5)
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and

jldujldv(zu—l)(zu-l)cr(u u)—i—zcothhi (D.6)
0 0 [ —3)’2 V3 2 V4 ‘

With the help of (D.5) and (D.6) the integral (D.1) can be computed as
follows:

2 T g Pl (x)28]
Hy(k) = (; sinh E) J‘ dx W“- CXp(lkX)

fD ocexp{ 2ﬁ[|xlz+j du (2u—1) /B a(u) - x:|}

2 B 2
= (; sinh %) (27'5,8)3/2 j dx exp(ikx) exp [ 52)3 < coth Z]

Thus

H,(k)= (% sinh %)—1 (coth %)4/2 [ ,BE<; h%)] (D3)

The asymptotic behavior for y —» oo is
Hv(k) ~ 23/2))_1/26“?/26’3 k(%y (D.9)

Application to (5.2), (5.42), and (5.46). To obtain (5.2), we set
k| =0 and yz\/ﬁl((ﬁ) in (D.9). For (542) we set |k|=0 and
y = B*?W(B)/2(3a)"2. For this last value of y the ratio in (5.46) is exactly
H,(k)/H,(0) ~ exp(—f [k|*/y).

Application to Z for the Ideal and Cell Models. For the ideal gas
model we need to compute the asymptotic behavior of the normalization
factor [see (2.9) and (2.12)]

N(p, )= (2$) " | Da

X exp (p j dr {exp [—/3 fol ds V(/B oc(s)—r)} - 1}) (D.10)
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Applying the Laplace method to (D.10) as in (5.1)-(5.12), it is easy to see
that the asymptotic behavior for p — o0 is given by

N(p, B)~ (2nf) > exp (p f dr {exp[ ~pV(r) - 1}>

ijocexp{ B kg j duf dv [8(u—v)— 17 a(u) - (v )}
(D.11)

The Gaussian integral in (D.11) is simply the normalization factor of (D.2).
Thus for p —»

Np. B)~ (2n) 7 ()" K(Bexp | — PE— " B k)|
xexp [ dr {exp[ V(1)1 - 1}) (D.12)
Finally we find from (5.2) with g =1 and (D.12)
~p [dxp,(x.0)=p 70— O(p) (D.13)

For the cell model we need the asymptotic behavior of N(p, f) given
by (2.9). Repeating a similar analysis to that of Section 5, one finds as
a—

ﬁ2

N(p, B) ~exp [— —ﬂ-fdr V(r)+ﬁfdr lVV(r)|2]

ijaexp{—ﬁ—[W(ﬁ)] j j do [8(u—v)— 17 () - cx(v)}

B W(B) B (B)
T Ga (“ 4(3a>1/2>

X €Xp [— %jdr V(r)+—jdr VV(r)| ] (D.14)
Finally we find from (5.38), (5.42), and (D.14)

I=p [dxp,(x,0)=0(p*"*) (D.15)



Atomic vs lonized States in Many-Particle Systems 953

APPENDIX E. DERIVATION OF (5.38)-(5.39)

Setting w;(s) =sx+./fa(s)—ja, a limited Taylor expansion with
respect to (r+t)a up to order a” gives

jl ds V(w;(s)— (r +71)a)
0

= jl ds V(a),-(s)) —a(r+1),, Jl ds (0,, V)(wj(s))
0

0

+ %— (r+1),, (r+1), Jl ds (8,2,," V)(w;(s)) + a3R(a)j(s), ra+ ta)
(E.1)

with summation on repeated indices m, n=1, 2, 3.
In view of the assumptions (2.2), the remainder in (E.1) is of order

R(wi(s), ra+1a)=0 (Jl ds [1+ |o(s)I*] "/2> (E.2)
0

uniformly with respect to r, 7, and a (r, 7€ Q, « small). Expanding the
exponential in (5.37) gives

J arexp| = [ ds Vo) a+m1a)|
~{ewp| 8 [ ds Voo |1+ as, || ds 0,1 )(00)

1 5 1 ) i 1
+3a <E 6mn+rmrn)|:ﬂ fo ds jo dt (8, V) (@(5))(8, V)(wi(1))

—B j ds o2 V(a)j(s))}+a3R(an(s), ra+ra)} (E3)

with a remainder, again denoted R, which satisfies the same estimates
(E.2). We have used

JQ drr,,=0, J-Q dr rmrn-—:l—lz-ém,,

It is easy to see that the argument of the logarithm (5.37) can also be
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written in the form (E.3) with another remainder still satisfying (E.2).
Indeed, writing [1+ 4] for the bracket in (E.3), this argument equals

exp [—ﬂ Jol ds V(wj(s))}<<1 +H_A>
-1 Jlr {1 —exp [ﬂ fol ds V(w,-(S))B) (E4)

With (2.2) and 1/(1 4 z) = O(a?), the last term in (E.4) has a bound as in
(E.2), so that (E.4) has the form (E.3).
Expanding now the logarithm of (E.3) gives

Y. C;a0, %, )
- -8 fol ds ¥, V(e(s)) + Bar,, fol ds ¥ (2, V)(@i(5))

_.;_,;az (éamnﬂmnﬂ 53 (73 Vo)

1324 Z +a3ZR(w s)ta+ta) (E.5)

jl ds (VV)(w;
0

where the remainder R satisfies (E.2).

It remains to approximate the lattice sums by the corresponding
integrals. For this we use the Poisson summation formula for a smooth
&(x) having the properties (2.2), i.e

oo a0 [s0 53 (]
=a’3fdx &(x)+ 0(1) (E.6)

If &(x) is four times continuously differentiable with integrable derivatives,
&(k)=O(1/|k|*) for large k and thus

Lo7)=o (L)

leading to (E.6).



Atomic vs lonized States in Many-Particle Systems 955

If y is a fixed vector, we have the same result for the translates
&(x+y) and e™* YP(k), ie.,

Z¢(ja+y):a~3fdx ®(x)+ O(1) (E7)

uniformly with respect to y.

We apply (E.7) to the terms of (E.5) with y=sx+ \/B o(s). The
assumption (2.2) implies that (E.7) holds for V, é,,V, and 32,V (this is
where we need J six times differentiable). The first and fourth terms in the
rhs. of (E.5) give (5.38). Since [dré,, V(r)=[drd}, V(r)=0, the second
and third terms are, respectively, O(a) and O(a?). By (E.2) the last term is

a*0 (fol dsjz [1+ |oy(s)]2] *ﬂ/2>
:0<fdx(1+¢r|2)"/2)+0(a3)=0(1) (E.8)

uniformly with respect to all arguments. This proves (5.38).
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